
 

 

 
(29)   4.5   Summary of Graphical Methods(B) 

 
Example 5 40   May 3, 2007

       Let ݂ሺݔሻ = ଶݔ − ݔ92 − 4 (8 pts.)

                                                              
   (a)  Find the x and y-intercepts of  ݂. 
 

   (b)  Find the vertical and horizontal asymptotes to the graph of ݂, if any. 
 

   (c)  Find the intervals on which ݂ is increasing and the intervals on which  ݂ is  
          decreasing , if any. 
 

   (d)  Find the intervals on which ݂  is concave up and the intervals on which   ݂  is  
          concave down , if any. 
 

    (e) Sketch the graph of ݂. 
Solution 

(a)   ݔ −intercepts 
     at   ݕ = 0    ⇨ ଶݔ           − 9 = 0           ⇨ ݔ   = ±3            ሺ−3,0ሻ      , ሺ3,0ሻ 
 intercept– ݕ        
       at   ݔ = 0 ⇨           ݂ሺ0ሻ =  −9−4 =  94                   ൬0, 94൰  
(b) ܪ. lim௫→ஶ           :ܣ ݂ሺݔሻ =  lim௫→ஶ ݔଶ − ݔ92 − 4  =  ∞           ሺܰܪ    .  ሻܣ
 ܸ. lim௫→ଶష          :ܣ ݂ሺݔሻ =  lim௫→ଶష ଶݔ  − ݔ92 − 4  =  ∞           lim௫→ଶశ ݂ሺݔሻ =  lim௫→ଶశ ଶݔ  − ݔ92 − 4  =  −∞  ∴ ݔ   = 2           ܸ.  ܣ
(c)  ݂ሺݔሻ = ଶݔ − ݔ92 − 4  
 ݂\ሺݔሻ =  ሺ2ݔ − 4ሻሺ2ݔሻ − ሺݔଶ − 9ሻሺ2ሻሺ2ݔ − 4ሻଶ = ଶݔ4 − ݔ8  − ଶݔ2 + 184ሺݔ − 2ሻଶ = ଶݔ2 − ݔ8  + 184ሺݔ − 2ሻଶ   = 2ሺݔଶ − ݔ4 + 9ሻ4ሺݔ − 2ሻଶ ଶܤ   − ܥܣ4 = 16 − 4ሺ9ሻ < 0 
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(29)   4.5    Summary of Graphical Methods (B)                                                     P3 
 

 HOSSAM   GHANEM                     65168855حسام غانم                           

(a)   Find the vertical and horizontal asymptotes for the graph of ݂, if any. 
(b)   Find the intervals on which ݂ is increasing or decreasing and 
        find local extrema, if any. 
(c)   Find the intervals on which the graph of ݂  is concave upward or concave 
        downward and find the points of inflection, if any. 
(d)   Discuss the symmetry of the graph. 
(e)   Sketch the graph of ݂. 

Solution 
(a) 
.ܪ     lim௫→ஶ          :ܣ ݂ሺݔሻ =  lim௫→ஶ ݔଶ + ݔ1  =  ∞         lim௫→ିஶ ݂ሺݔሻ =  lim௫→ିஶ ݔଶ + ݔ1  = .ܪ      ܰ ∞−   ܣ
 
    ܸ. lim௫→ష         :ܣ ݂ሺݔሻ =  lim௫→ష ଶݔ  + ݔ1  =  −∞          lim௫→శ ݂ሺݔሻ =  lim௫→శ ଶݔ  + ݔ1  =  ∞  ∴ ݔ   = 0       ܸ.  ܣ
(b) ݂ሺݔሻ = ଶݔ  + ݔ1  ݂\ሺݔሻ = ሻݔሺ2ݔ − ሺݔଶ + 1ሻݔଶ  = ଶݔ2  − ଶݔ − ଶݔ1 = ଶݔ  − ଶݔ1 =  ሺݔ − 1ሻሺݔ + 1ሻݔଶ  
 ݂   ↗   on ሺ−∞, −1ሻ ∪ ሺ1, ∞ሻ 
 ݂   ↘    on ሺ−1,1ሻ /ሼ0ሽ 
 ݂\ሺݔሻ = 0   ሺݔ − 1ሻሺݔ + 1ሻ = ݔ 0 = −1              ݂ሺ−1ሻ =  1 + 1−1 = ݔ 2− = 1                    ݂ሺ1ሻ =  1 + 11 = 2 
 ∴ Maximum local extrema  at ሺ−1, −2ሻ         Minimum local extrema  at ሺ 1 , 2 ሻ 
  

Example 6 41   July 19, 2007

      Let  ݂ሺݔሻ = ଶݔ  + ݔ1   [9 pts.]
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(29)   4.5    Summary of Graphical Methods (B)                                                     P7 
 

 HOSSAM   GHANEM                     65168855حسام غانم                           

   (a)  Find the vertical and horizontal asymptotes for the graph of ݂, if any. 
 

   (b)  Find the intervals on which ݂ is increasing and the intervals on which  ݂ is  
          decreasing. Find the local extrema of  ݂, if any. 
 

   (c)  Find the intervals on which the graph of  ݂  is concave upward and the intervals on  
          which the graph of  ݂  is concave downward. Find the points of inflection, if any. 
 

   (d) Sketch the graph of ݂. 
 
   (e)   Find the maximum and the minimum values of on ሾ 1 , 2 ሿ.                               

(10 points) 
  

Solution 
(a)     ܪ. ݔݔlim௫→ஶ −2              :ܣ + 1  =  −2             lim௫→ିஶ −2ݔݔ + 1  =  −2 ∴ ݕ   = .ܪ         2−  ܣ
     ܸ. lim௫→ିଵష            :ܣ ݂ሺݔሻ =  lim௫→ିଵష ݔݔ2−  + 1  =  −∞            lim௫→ିଵశ ݂ሺݔሻ =  lim௫→ିଵశ ݔݔ2−  + 1  =  ∞  ∴ ݔ   = −1       ܸ. ሻݔሺ\݂                                     ܣ  =   −2ሺݔ + 1ሻଶ  
              ݂\ሺݔሻ  <   0   on   ܴ/ሼ−1ሽ                ݂  ↘ on   ܴ/ሼ−1ሽ                 ݂\ሺݔሻ ≠ 0 
              No local extrema 
(c)                   ݂\\ሺݔሻ = 4ሺݔ + 1ሻଷ 

             The graph of   ݂   CD     on    ሺ−∞, −1ሻ 
             The graph of   ݂    CU    on    ሺ−1, ∞ ሻ 
                       ݂\\ሺݔሻ   ≠   0  
              No inϐlection  point 
           
 
 
 

Example 8 43   July 19, 2008

   Let ݂ሺݔሻ = ݔ  ݔ2− + 1 .and given that ݂ᇱሺݔሻ = −2ሺݔ + 1ሻଶ and ݂ᇱᇱሺݔሻ = 4ሺݔ + 1ሻଷ 
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(29)   4.5    Summary of Graphical Methods (B)                                                     P9 
 

 HOSSAM   GHANEM                     65168855حسام غانم                           

Homework 
 
1 25   December 10,  2000

     Let   ݂(ݔ) = 3(2 + యݔ√(ݔ   and note that  ݂\(ݔ) = ݔ4 + ଶయݔ√2  and ݂\\(ݔ) = ݔ4 − ݔ43 ଶయݔ√  
   

       Answer the following (1 point each) 
 

      (a)   Show that the graph of ݂ has a vertical tangent  
      (b)   Determine the intervals on which ݂ is increasing, and the intervals on which ݂ is   
              decreasing. 
      (c)   What are the local extrema of ݂, if any? 
      (d)  Determine the intervals on which the graph of ݂ is concave upward and the  
               intervals on which the graph is concave downward. 
      (e)   What are the points of inflection of the graph of ݂, if any? 
      (f)   Sketch the graph of ݂ indicating vertical tangents, local extrema, concavity, points  
              of inflection, and asymptotes, if any  
 
 
 
 
 
2 29    July 25th, 2002

 
      Let ݂(ݔ) = ଶݔଶݔ  − 1 (ݔ)\݂ , = ଶݔ)ݔ2− − 1)ଶ and ݂\\(ݔ) = ଶݔ6  + ଶݔ)2  −  1)ଷ 

 
        a)    Find the vertical and horizontal asymptotes (if any). 
 

       b)   Find the intervals on which ݂ is increasing and the intervals on which ݂ is  
              decreasing.  Find the local extrema (if any). 
 

        c)   Find the intervals on which the graph of ݂ concave upward and the intervals on  
              which the graph of ݂ is concave downward. Find the point of inflection (if any).  
 

        d)   Discuss the symmetries of the graph of ݂. 
 

        e)   Sketch the graph of ݂.  


